Abstract. In this paper we find new self-adjoint commuting operators of rank 2 with rational coefficients and prove that any elliptic and hyperelliptic curves of genus 2 are spectral curves of commuting operators with rational coefficients. Also the case when curves of genus 3 are spectral curves of commuting operators with rational coefficients is studied.
Introduction
The commutativity condition of two differential operators
is equivalent to a very complicated system of non-linear differential equations. If two differential operators commute, then there is a nonzero polynomial R(z, w) such that R(L n , L m ) = 0 (see [1] ). The curve Γ defined by R(z, w) = 0 is called the spectral curve. The genus of the curve R(z, w) = 0 is called the genus of commuting pair. If L n ψ = zψ, L m ψ = wψ, then (z, w) ∈ Γ. For almost all (z, w) ∈ Γ the dimension of the space of common eigenfunctions ψ is the same. The dimension of the space of common eigenfunctions for generic P = (z, w) ∈ Γ is called the rank. The rank is a common divisor of m and n.
Commutative rings of such operators were classified by Krichever [3] . The ring is determined by the spectral curve and some additional spectral data. If the rank equals 1, then there are explicit formulas for coefficients of commutative operators in terms of Riemann theta-functions (see [2] ).
If the rank equals 1, then common eigenfunction ψ(x, P ) is Baker-Akhiezer function, where P ∈ Γ. Baker-Akhiezer function is a function with the following properties.
1) Function ψ(x, P ) has one essential singularity at a fixed point q ∈ Γ ψ(x, P ) = e kx (1 +
where k −1 is a local parameter in a neighborhood of q. 2) Function ψ has simple poles at some points γ 1 , ..., γ g , where g is the genus of Γ.
The set {Γ, q, γ 1 , ..., γ g } is called the spectral data. If we take the spectral data where D = γ 1 + ... + γ g is a non-special divisor, then there is a unique function ψ(x, P ) satisfying the conditions 1) and 2). Let us mention that if the spectral curve is singular, then in general ψ is not a function on the spectral curve, but ψ is a section of a torsion-free sheaf on Γ \ {q} (see [13] ).
The case when rank is greater than 1 is much more difficult. The first examples of commuting ordinary differential operators of the nontrivial rank 2 and the nontrivial genus g = 1 were constructed by Dixmier [12] for the nonsingular elliptic spectral curve w 2 = z 3 − α, where α is an arbitrary nonzero constant:
Operators L and M is the commuting pair of the Dixmier operators of rank 2, genus 1. The general classification of commuting ordinary differential operators of rank greater than 1 was obtained by Krichever [3] . The general form of commuting operators of rank 2 for an arbitrary elliptic spectral curve was found by Krichever and Novikov [4] . The general form of operators of rank 3 for an arbitrary elliptic spectral curve was found by Mokhov [5] , [6] . Moreover, examples of commuting ordinary differential operators of arbitrary genus and arbitrary rank with polynomial coefficients were constructed in [8] , [7] .
Mironov in [9] constructed examples of commuting operators
where a i are some constants and A i , A 3 = 0, are arbitrary constants. Operators L and M are commuting operators of rank 2, genus g. Let us suppose that function P satisfies the equation
where g 1 and g 2 are arbitrary constants. In [10] it was proved by Mironov that operators L 1 and M 1 ,
, where a i are some constants, α i are arbitrary constants, is a commuting pair of rank 2, genus g.
Let ℘(x) be the Weierstrass elliptic function satisfying the equation
where b i are some constants,
) and α 0 is an arbitrary constant, are also a commuting pair of rank 2, genus g.
Examples of commuting operators of rank two with trigonometric coefficients were found in [14] .
Let us consider
where g ∈ N, A 6 = 0, A 4 = 0, A 2 , A 0 are arbitrary constants. Operators L 1 and L 2 commute with some differential operators M 1 and M 2 of order 4g+2 respectively (see [15] , [16] ). The spectral curves of these operators have the form w 2 = z 2m+1 + a 2m z 2m + ... + a 1 z + a 0 . Common eigenfunction of operators L 1 , M 1 and L 2 , M 2 in some special cases were found in [18] . Moreover, the following theorems are proved in [15] , [16] .
, where n > 3, n ∈ N, A n = 0, B k = 0, commutes with a differential operator M of order 4g + 2 and M, L are operators of rank 2, then k = n − 2 and
does not commute with any differential operator M of order 4g + 2, where M and L could be a pair of rank 2. [17] . Mironov and Zheglov (see [11] ) proved that for arbitrary integer m and arbitrary spectral curve Γ given by equation
commutes with a six order operator L 6,m . And the spectral curve L 4,m , L 6,m coincides with Γ. Also, Mironov and Zheglov studied in [11] automorphisms of the first Weyl algebra.
where g ∈ N, A 6 = 0 and A 2 , A −2 , A −6 , B 0 are arbitrary constants, commutes with a differential operator M of order 4g + 2. The spectral curve has the
The operators L and M are operators of rank 2.
Theorem 2. The operator
where g ∈ N, A 4 = 0 and A 2 , A 0 , A −2 , B 0 are arbitrary constants, commutes with a differential operator M of order 4g + 2. The spectral curve has the form
Theorem 3. 1) Any elliptic curve
where β i are arbitrary constants, is spectral curve of commuting operators from Theorem 1.
2) Any hyperelliptic curve of the form
where β i are arbitrary constants, is spectral curve of commuting operators from Theorems 1 or 2.
3) And any hyperelliptic curve of the form
where β i are arbitrary constant and F 1 = F 1 (β 6 , ..., β 2 ) and F 0 = β(β 6 , ..., β 2 ) are some constants, is spectral curve of commuting operators from Theorems 1 or 2. Note that Theorem 3 doesn't say that any hyperelliptic curve of genus 2 is spectral curve of operators only from Theorem 1 or only from Theorem 2. But any hyperelliptic curve of genus 2 is spectral curve of operators from Theorem 1 or Theorem 2.
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Commuting operators of rank 2
Let us consider the operator
It is proved in [9] that the operator L commutes with an operator M of order 4g + 2, operators L, M are operators of rank 2 and the spectral curve of L, M has the form
if and only if there exists a polynomial
that the following relation is satisfied
where Q means ∂ x Q. The spectral curve of commuting pair L, M has the form
We get the following system.
It is clear from the system that the result in [9] can be formulated in the following way. Let a 1 = W/2 + C 1 , where C 1 is an arbitrary constant. Define a i by recursion
We see that (3) commutes with an operator of order 4g+2 and these operators are operators of rank 2 if and only if there exist constants C 1 , ..., C g such that a g+1 ≡ const. For example,
where C 2 is a constant, which appears after integration. In general, a i contains i constants, i.e., a i (x) = a i (x; C 1 , ..., C i ).
Proof of Theorem 1.
The operator L has the form
Let us prove that we can choose constants C 1 , C 2 , ..., C g in such a way that a g+1 = const. Calculation shows that
We see from (6) that a i+1 is polynomial in x and linear in a i . Let us apply (6) to x 4k . Assuming that a i = x 4k we get
Let us calculate calculate a 2 and a 3
where C i are constants and depend on C i .
Note that all coefficients, except the leading term, contain constants C 1 , C 2 , ....
contains only C 1 and
So, the term const · x 4(g+1) in a g+1 vanishes because it is multiplied by const · (g − g)(g + g + 1) = 0. Therefore, we must choose the constants C 1 , C 2 , ... to vanish K m g+1 = 0 for all m. We always can do it because the leading term in a g+1 equals const · x 4g and depends only on C 1 , penultimate on C 1 and C 2 etc.
Theorem 1 is proved.
Proof of Theorem 2.
As in the previous proof, we want to find constants C 1 , C 2 , ..., C g such that a g+1 = const. Calculation shows that
We mentioned before that a i+1 is polynomial in x and linear in a i . Assume that a i = x 2k , then from (6) we have
(11) Let us calculate a 2 and a 3
As in the proof of the previous Theorem all terms except the leading term contain constants C 1 , C 2 , ....
contains only C 1 , C 2 and K i−3 i only C 1 , C 2 , C 3 etc. The term const · x 2(g+1) in a g+1 vanishes because it is multiplied by 2A 4 (2g + 1) g + 1 (g − g)(g + g + 1) = 0. So we must choose constants C 1 , C 2 , ... in such a way that A i g+1 = 0 for all i. We always can do it because the leading term in a g+1 depends only on C 1 , penultimate on C 1 and C 2 etc.
Theorem 2 is proved.
Proof of Theorem 3.
1) From Theorem 1 we see that the operator
commutes with an operator M of order 6. From (8) we see that if g = 1, then we must take C 1 = 32A 2 − 3B 0 2 . Using formula (5), where Q = z + a 1 (x) we find the spectral curve of operators L and M
where
So, we must solve the system of equations in
where q 2 , q 1 and q 0 are arbitrary constants. The solution is
, where A 6 = 0, B 0 are arbitrary constants.
2) From Theorem 2 we know that the operator
commutes with an operator M of order 10. Again, using formula (5), (12) and (13) we find the spectral curve of operators L and M
where 
where q 4 , q 3 , q 2 , q 1 , q 0 are arbitrary constants. From the first equation we find that
Then we obtain that Hence the last equation of (14) There doesn't exist solution A 4 = 0 if and only if one of the following system is satisfied
Now let us consider operator (1) from Theorem 1. If g = 2, then using (5), (8) and (9), we get that the spectral curve of operators L and M from Theorem 1 has the form
So, the system (14) for operator (1) has the form
Solving the first,second and the third equations of (16) we get
And system (16) is equivalent to the system
where To prove the part 2 of Theorem 3 we must show that the following systems have solution.
From system (17) we get So, we obtain that system (17) always has solution. Now let us consider system (18) . We have Finally, let us consider system (19). We get 
This system has solution. So, the part 2 of Theorem 3 is proved.
3). From Theorem 2 we know that operator
2 + e, a = 0 commutes with an operator M of order 14. Using formula (5) we find the spectral curve of operators L and M
where β 6 = −7(e − 16b), We must solve the system of equations in a, b, c, d, e
where q 6 , q 5 , q 4 , q 3 and q 2 are arbitrary constants. Solving the first, second, third and fourth equations of system (20) we obtain 
) 52822
As in the previous part, to prove the part 3 of Theorem 3 we must show that the following systems have solution.
From system (24) we obtain We see that this system has solution. This system has solution.
Theorem 3 is proved.
